Abstract. The self-consistent model, developed previously to describe phonon coupling (PC) effects in magnetic moments of odd magic and semi-magic nuclei, is extended to quadrupole moments. It is based on the theory of finite Fermi systems with the use of the perturbation theory in g 2 L , where g L is the vertex creating the L-phonon. Accounting for the phonon tadpole diagrams is an important ingredient of this model. The calculation scheme is based on the Fayans energy density functional DF3-a and does not contain any adjusted parameters. The odd In and Sb isotopes are considered, which are the proton-odd neighbors of even tin nuclei. The 2 + 1 phonon is taken into account which quadrupole moment is one ingredient of the calculation scheme. The corresponding values were found by us previously. Two main PC corrections, due to the phonon Z-factor and due to the phonon-induced interaction, have opposite signs and cancel strongly each other, leaving room for other 'small' corrections, so that the resulting PC correction is much lower than the absolute values of each of two main ones. However, it remains noticeable, making the overall agreement with the data significantly better.
Introduction
In the last decade, a lot of new data on the electromagnetic moments of ground states of odd nuclei appeared, due to intensive working of modern Radioactive Ion Beam facilities, in combination with new spectroscopy techniques using high-intensity lasers. As a result, the bulk of the data on nuclear static moments becomes very extensive and comprehensive [1] creating a challenge to nuclear theory. For nuclear magnetic moments, this challenge was partially responded recently within the self-consistent theory of finite Fermi systems (TFFS) [2] , first at the mean-field level [3, 4] and then with account for the particle-phonon coupling (PC) effects [5, 6, 7] . More recently, the first self-consistent mean-field calculations of the quadrupole moments were carried out in [8, 9, 10] . In this work, we find for the first time the PC corrections to the mean-field predictions of the self-consistent TFFS for quadrupole moments.
The history of microscopic calculations of quadrupole moments is rather old but, unfortunately, not rich. Evidently, the first such calculations were made by Bunatyan and Mikulinskii [11] and by Belyakov [12] , within the initial version of the TFFS [13] , which is not self-consistemt. In the first of these references, quadrupole moments were studied together with the isotopic shifts of atomic levels which are related directly to the isopic variation of charge radii. This work played an important role in the development of the TFFS, as, for the first time, a strong density dependence of the scalar-isoscalar Landau-Migdal (LM) interaction amplitude was proposed to describe both the phenomena simultaneously. Such the density dependence was accepted in the canonical TFFS theory [13] .
The first self-consistent consideration of the quadrupole moments was carried out only recently in the Refs. [8, 9, 10] cited above. The only alternative modern calculations we know concern the medium atomic weight nuclei with A < 90 [14, 15] . They are carried out within the many-particle Shell Model. This approach is rather comprehensive as it takes into account various many-particle correlations. However, it is not selfconsistent, i.e. the nuclear potential well and the effective interaction are parameterized independently. In the result, it contains rather big amount of free parameters, the effective proton and neutron effective charges being among them, which are fitted for any nuclear shell anew. For nuclei which we consider, with A > 100, this approach was not yet applied, evidently, because of technical difficulties.
The self-consistent TFFS uses the energy density functional (EDF) method by Fayans [16, 17] to generate the nuclear potential well and the effective NN force as well. In the modern self-consistent nuclear theory based on the EDF method, a trend appeared last decade to go beyond the mean field approximation. In spherical nuclei, it is usually described in terms of the PC effects. Direct consideration of the PC corrections within the EDF method is a rather delicate problem as they are included, on average, to the EDF parameters. Thus, only a fluctuating part of such corrections to nuclear characteristics should be taken into account, if we do not want to readjust the EDF parameters.
Up to now, the self-consistent consideration of the PC corrections was limited mainly with such an object as single-particle energies (SPEs) in magic nuclei [18, 19, 20, 21, 22] . Different kinds of the self-consistent theories were used in the references cited above: the relativistic mean-field theory [23] in [18] , the Skyrme-Hartree-Fock method [24] with various Skyrme EDFs in [19, 20, 22] and the Fayans EDF method [16, 17] in [21] . In all these cases, the PC corrections to the SPEs turned out to be rather moderate and it seemed reasonable to keep the parameters of the corresponding EDFs unchanged. It is also worth mentioning more recent considerations of the one-nucleon spectroscopic factors in semi-magic nuclei [25, 26] and the PC corrections to the ab initio double mass differences in magic nuclei [27, 28, 29] .
Recently, a model was developed [5, 6, 7] to find the PC corrections to magnetic moments of odd semi-magic nuclei within the self-consistent TFFS [2] . This approach is based on the general principles of the TFFS [13] supplemented with the TFFS selfconsistency relation [30] . The self-consistent basis DF3-a [31] was used, which is just a small modification of the initial Fayans EDF DF3 [17] . The modification concerns the spin-orbit and effective tensor terms of the EDF only. The main idea of this model was to separate and explicitly consider such PC diagrams that behave in a non-regular way, depending significantly on the nucleus and the single-particle state of the odd nucleon. The rest (and the major part) of the PC corrections is supposed to be regular and included in the initial EDF parameters. In this model, we deal with semi-magic nuclei, which contain two subsystems with absolutely different properties. Indeed, one of them is superfluid whereas the second subsystem is normal. The model is valid for nuclei with odd nucleon belonging to the non-superfluid subsystem. As it is shown in [5] , in this case we can limit ourselves to the PC corrections to the diagrams in the normal subsystem only. It simplifies the problem drastically.
In this work we apply this model to quadrupole moments of odd semi-magic nuclei. We consider the odd-proton neighbors of the even tin nuclei, i.e. the odd isotopes of In and Sb. Their quadrupole moments were found previously within the self-consistent TFFS at the mean-field level in [8, 9, 10] . Only the lowest 2 + phonon, which plays the main role in the PC corrections in these nuclei, is taken into account. One of the PC corrections contains the quadrupole moment of the phonon under consideration. The quadrupole moments of the 2 + 1 states in even Sn isotopes were found by us previously in a self-consistent way with the use of the DF3-a EDF in [32] . In the case of the magnetic moments, the Bohr-Motelson model [33] prescription for the phonon gyromagnetic ratio, γ ph = Z/A, was used in [5, 7] to find the phonon magnetic moment. Another difference between these two problems is in the choice of the effective interaction entering the equation for the effective field [13] . In the case of magnetic moments, this is the spin-dependent Landau-Migdal (LM) interaction amplitude with the set of parameters additional to those of the EDF. Now, we deal with the scalar LM amplitude which is defined completely with the EDF we use. Thus, the method we apply is self-consistent completely, and no parameters additional to those of the EDF are used.
Section 2 contains a brief description of the method we use to find the PC corrections to quadrupole moments of odd semi-magic nuclei on the base of the model [5] . Main general formulas we use can be obtained from those in [5] with the change of the external field angular momentum J = 1 for the M1 field in [5] to J = 2 for the E2 field. Their explicit form for the quadrupole case may be found in [34] . Section 3 contains the calculation results for In and Sb chains. Section 4 contains our conclusions.
Brief formalism for the self-consistent PC corrections to quadrupole moments
Within the TFFS [13] , quadrupole moments of odd nuclei are determined in terms of the diadonal matrix elements
|λ being the state of the odd nucleon, of the normal component V of the effective field.
In superfluid nuclei, we deal, the latter obeys the QRPA-like equation, which can be written in a compact form aŝ
where all the terms are matrices. In the standard TFFS notation, we have:
The matrixÂ consists of 3 × 3 integrals over ε of the products of different combinations of the Green function G(ε) and two Gor'kov functios F (1) (ε) and F (2) (ε). They can be found, e. g., in [13] .
Elements of the matrix (4) are different variation derivatives of the Fayans EDF depending on the normal ρ and anomalous ν densities:
They are:
Here, F is the usual Landau-Migdal (LM) amplitude, whereas F ξ is the effective pairing interaction entering the gap equation. Isotopic indices in Eqs. (2-6) are omitted for brevity.
For the quadrupole moment problem we deal, one has [35] 
The first self-consistent calculation of quadrupole moments of odd semi-magic nuclei accounting for phonon i The local charges e q are trivial in this case: e p q = 1, e n q = 0, due to the Ward indentity [13] . The equation for the vertex g L (r) obeys the homogeneous equation, corresponding to Eq. (1):ĝ
It is worth to mention that the same components of the LM amplitude (6) enter to Eqs.
(1) and (8) , in contrast to the case of magnetic moments [5] , where the spin-dependent components of the LM amplitude remain in Eq. (1) for the effective field. The EDF (5) does not contain such terms, and the corresponding parameters are additional to those of the EDF under consideration.
As it was discussed in the Introduction, for finding the PC corrections to Eq. (1) we use the self-consistent model developed in [5] for the case of magnetic moments. All the formulas of this article, with only several exceptions, are valid for the case of quadrupole moments we consider with rather obvious substitution of the J = 2 for the total angular momentum of the E2 field instead of J = 1 in [5] , corresponding to the M1 field. The explicit form of these formulas for quadrupole moments can be found in [34] . Before giving the final formula we use, let us describe in short how the PC corrections to the matrix element (1) in the field of the L-phonon, can be found: |λ →| λ and V →Ṽ , with obvious notation. In the general case, when several L-phonons are considered, the sum of the corresponding PC corrections should be found. In this work, we limit ourselves with the 2 + 1 phonon, which plays the main role in the problem we consider. Following to the scheme of [5] , we limit ourselves to the g 2 L -approximation. We consider the ground state of the odd nucleus without phonons, therefore the first order corrections δ The first self-consistent calculation of quadrupole moments of odd semi-magic nuclei accounting for phonon i contribute also. The main idea of the model developed in [5] is to separate such PC corrections which behave in a non-regular way depending significantly on the phonon excitation energy ω L and on the state |λ under consideration. From this point of view, as the analysis of [5] shows, the mixed term with δ
L |λ and δ
L V can be omitted, whereas those containing two corrections δ We name the term of δ
L |λ as the "end correction". The corresponding diagram is displayed in Fig. 1 . Obviously, there is a symmetric counterpart where the left end is PC corrected. Two diagrams for the PC correction to the mass operator Σ(ε) are displayed in Fig.2 . In addition to the usual pole diagrams, the tadpole term is taken into account in our calculations which is very important to find the total PC correction to the single-particle energy ε λ [21] . Two situations are possible in the diagram of Fig.  1 . The first one, when we have λ = λ 2 , or λ = λ 1 for the PC correction to the left end. The corresponding terms in the end correction expression, see Eq. (8) in [5] , are singular. This singularity is removed with the standard renormalization [2] of the single particle wave functions : |λ → √ Z λ |λ , where
is the residue of the Green function at the pole ε = ε λ . It is seen that the expression (9) is going beyond the perturbation g 2 L approximation, corresponding to a partial summing of the chain of the pole diagrams in Fig. 2 . The corresponding perturbation analog is
The second situation takes place for the terms with λ = λ 1,2 , which are regular. In accordance with [5] , we denote the corresponding correction to the effective field V as δV
The term which involves two corrections δ
L |λ 1 and δ
L |λ 2 is displayed in Fig. 3 . As it is seen, it corresponds to the phonon-induced interaction. In accordance with [5] , the corresponding PC correction to V is denoted as δV GGD , as it involves the integral of two particle Green functions G and one phonon D-function. At last, consider the term which corresponds to the direct action of the external field to the L-phonon under consideration. It is displayed in Fig. 4 , and the corresponding PC correction to V is denoted as δV GDD , as it involves the integral of one Green functions G and two phonon D-functions. In Eq. (2), it appears due to the variation of the term of e q . The black blob denotes the quadrupole moment of the L-phonon. For the analogous quantity for magnetic moments, [5] the Bohr-Mottelson model approximation for the phonon gyromagnetic ratio was used, γ ph = Z/A. Unfortunately, there is no similar simple approximation for the phonon quadrupole moments. The corresponding values for the 2 + -phonons we consider were found by us previously [32] in a self-consistent way.
As it is shown in [5] , this term consists of two components, δV GDD = δV
GDD , with different behavior at ω L → 0. The first term is regular at small ω L , see Eq. (21) in [5] , whereas the second one behaves as 1/ω L , Eq. (21) in [5] . There is also a tadpole-like counterpart to Fig. 4 , which is displayed in Fig. 5 . As it is shown in [5] , it also behaves as 1/ω L at small ω L , possessing the opposite sign compared to the term of V (2) GDD . In the model developed in [5] it is supposed that these two divergent ω L → 0 terms cancel each other exactly.
The final ansatz for the quadrupole moments with PC corrections is as follows:
It corresponds to making "fat" the ends in Figs. 3-5: |λ → √ Z λ |λ . In Refs. [5, 7] it was used for magnetic moments of odd semi-magic nuclei. Here we apply this model to the quadrupole moments of odd In and Sb isotopes.
PC corrected quadrupole moments of In and Sb isotopes
The self-consistent scheme of solving Eqs. (2) and (8) is described in detail in [8] and [9] . The DF3-a version [31] of the Fayans EDF is used, which differs from the initial EDF [17] with parameters of the spin-dependent terms of the EDF (5), the spin-orbit and effective tensor ones. The excitation energies and quadrupole moments of 2 + 1 states in even Sn isotopes, which are ingredients of all equations of [5] , are presented in Table  1 . They are taken from [8] and [32] , correspondingly. In general, the agreement with data looks reasonable, however, the accuracy of reproducing experimental excitation energies for heavy tin isotopes, A > 120, is worse than for lighter ones. In Ref. [8] a sensitivity of the ω 2 values to the spin-dependent terms of the EDF (5). In particular, the DF3-a EDF proved out to be better than the DF3 one. However, the accuracy of both Fayans EDFs is significantly higher than of all the predictions of Skyrme EDFs we know [36] . Table 2 represents different PC corrections to quadrupole moments discussed above. Here, the Z-factor, column 4, is found from its definition (9) , whereas the perturbation theory prescription (10) is used for finding the δQ Z ptb values in column 5. Thus, the δQ ptb quantity is just the sum of four partial corrections in previous columns. At last, the quantity in the last column is δQ ph =Ṽ − V whereṼ is the result of the use of Eq. (11) which is the final prescription of the model we use. We see that two main corrections are those due to the Z-factor (column 5) and due to the induced interaction (the term δQ GGD , column 6). They always possess different signs, the sum being significantly less in the absolute value than each of them. Therefore two other "small" corrections are sometimes also important. It is worth to mention that the Z-factor values are often about 0.5 which makes the use of the perturbation theory in g 2 L questionable as the value of (1 − Z) is a measure of validity of the g 2 L approximation. Eq. (11) we use contains higher in g 2 L terms, but it is just an ansatz. The analysis shows that the g 2 L approximation in semi-magic nuclei is valid on the average, but often one "dangerous" term appears in Eq. (8) of [5] with small energy denominator leading to a big contribution to the value of (1 − Z). Simultaneously, the same small denominator contributes, with opposite sign, to Eq. (21) of [5] for the induced interaction correction. In the result, two Table 2 . Different PC corrections to the quadrupole moments of odd-proton In and Sb nuclei. Q is the quadrupole moment without PC corrections [9] . Other notation is explained in the text. All values, except Z, are in b. inaccuracies compensate each other partially. However, a more consistent approach should be developed for the small denominator situation. Such development is in our nearest plans. The first step is made, for the problem of the PC corrections to the single-particle energies of semi-magic nuclei, in [37] , where the Dyson equation with the PC-corrected mass operator is solved directly, without any use of PT.
The final results are presented in Table 3 and Fig. 6 . Experimental data are taken from the review article [1] . In the case if there are several different experimental values, that overlap with their bars, we, as a rule, choose the one with minimal errors. There are two cases, 115 In and 121 Sb isotopes, when the two values do not overlap. In these cases, we present both the values giving the references to the original experimental works. To show the scale of the effects we describe, the single-particle values Q 0 of quadrupole moments are also presented. They are found as matrix elements of (7) multiplied by the Bogolyubov factor of u [38] , with obvious notation. They always possess correct signs, but the absolute values are to 3 -5 times less than the experimental data. We see that the PC corrections to quadrupole moments taken into account make agreement with experiment better in most cases. In any case, this is true in all the cases where the deviation from experiment of the results without PC corrections is significant, more than 0.1 b, which is evidently a typical accuracy of the theory we develop. For example, this is so for nuclei 109, 111 In and for all Sb isotopes. The rms value < δQ > rms = 0.15 b follows from the last column of Table 3 . The corresponding value without PC corrections is significantly bigger, < δQ > rms = 0.27 b. Note that the value of [40] for 115 In which gives Table 3 . Quadrupole moments Q (b) of odd In and Sb isotopes. Experimental data are taken from the review article [1] . For the 115 In isotope, the first value corresponds to the original experiment of [39] , the second one, to [40] . Similarly, for the 121 Sb isotope, the first value corresponds to [41] , the second one, to [42] . Q 0 is the prediction of the single-particle model. The theoretical values are Q th andQ th without and with PC corrections, correspondingly. The differences δQ = Q th −Q exp and δQ =Q th −Q exp are given in the last two columns. the maximum value of the deviation δQ of the PC-corrected theory from experiment below from the general tendency of the Q exp values, as is seen in Fig. 6 . We think that the value of [39] is closer to the truth. Note also that, for the In chain, the (1 − Z) difference, which is a measure of validity of the PT, is maximal for the 111 In isotope and its neighbors for which the error of our theory is also maximal. We hope that a more consistent theory which is in our plans will result in better agreement with experiment. Experimental data are taken from [1] . For the 115 In isotope, the upper value corresponds to the original experiment of [39] , the lower one, to [40] . Similarly, for the 121 Sb isotope, the upper value corresponds to [41] , the lower one, to [42] .
Conclusions
We have developed a model of the self-consistent account of the PC corrections to quadrupole moments of odd semi-magic nuclei for the case where the odd nucleon belongs to the non-superluid component of the nucleus under consideration. The main ingredients of the calculation scheme are similar to those proposed recently by us for magnetic moments [5, 7] . The perturbation theory in g 2 L is used, g L being the vertex of creating the L-phonon. The main idea of our approach is to refuse from calculation of all terms proportional to g 2 L , as their main part is taken into account implicitly in the EDF parameters we use. Instead, only such g 2 L diagrams are separated and calculated explicitly which contribution fluctuates, depending on the nucleus under consideration and the state λ of the odd nucleon. The term δQ Z due to the phonon Zfactor and the one, δQ GGD , due to the phonon-induced interaction are the two main such terms. However, they always possess opposite signs and cancel each other significantly. Therefore two "small" corrections, the one, δQ GDD , due to the phonon quadrupole moment and the non-diagonal "end term" δQ ′ end are also often important. The sum of all four PC corrections to quadrupole moments of odd In and Sb isotopes, in most cases, improves the agreement with experiment. In any case, this is so always when the deviation of the mean field prediction for the quadrupole moment from the experimental value is significant, more than 0.1 b. For the sample of 18 nuclei we consider, the rms value of the difference between the theoretical predictions and experimental values is now < δQ > rms = 0.15 b, instead of the value of < δQ > rms = 0.27 b for the calculation without PC corrections.
The difference of (1 − Z) is a measure of validity of the g 2 L approximation. In nuclei we consider there are several cases with Z ≃ 0.5, which makes application of the perturbation theory in g 2 L questionable. As it was discussed above, this occurs, as a rule, due to appearance of a "dangerous" term with small energy denominator in Eq. (7) in [5] for the PC correction to the mass operator Σ, and the analogous term arises simultaneously, in the correction δQ GGD of the phonon-induced interaction. In the sum of these two terms, the inaccuracy becomes smaller then for each term separately which partially saves the approximation we use. However, a more consistent consideration is necessary of the dangerous cases, and this is in our nearest plans. The first step is made in [37] , where the method is developed to find the PC corrections to SPEs in semi-magic nuclei beyond the perturbation theory.
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